Squeezing of quantum fluctuation plays an important role in fundamental quantum physics and has marked influence on ultrasensitive detection. We propose a scheme to generate and enhance the squeezing of mechanical mode by exposing the optomechanical system to a non-Markovian environment. It is shown that the effective parametric resonance term of mechanical mode can be induced due to the interaction with cavity and non-Markovian reservoir, thus resulting in quadrature squeezing of the mechanical resonator. And jointing the two kinds of interactions can enhance the squeezing effect. Comparing with the usual Markovian regime, we can obtain stronger squeezing, and significantly the squeezing can approach a low asymptotic stable value. © 2019 Optical Society of America http://dx.doi.org/10.1364/ao.XX.XXXXXX Quantum physics exhibits many interesting non-calssical effects [1] [2] [3] [4] [5] . Quantum fluctuations, originated from the Heisenberg uncertainty principle, are the unique properties of quantum physics. Several well known interesting physical phenomena such as Casimir forces and the Lamb shift [6] are produced by quantum fluctuations. While quantum fluctuations also result in some restrictions in precision measurements. For example, the vacuum fluctuations in the optomechanical systems can broaden the optical response spectrum and affect the sensitivity of detection [7] [8] [9] . Fortunately, vacuum fluctuations are not immutable and can be 'squeezed' [10] [11] [12] . For a squeezed state, the quantum fluctuations in one variable are reduced below their value at the expense of the corresponding increased fluctuation in the conjugate variable [13] . By using the squeezing state, the precision of position measurement can be beyond the standard quantum limit [14] . Therefore, squeezed states of light are useful in high precision measurements such as gravitational wave detection [15, 16] .
Optomechanical system is a hot topic in recent years [17] [18] [19] . The squeezing of mechanical modes can be utilized to improve the sensitivity of precision quantum measurement in cavity optomechanical systems [20] . Enormous schemes and methods of squeezing mechanical mode have been theoretically proposed and experimentally realized in optomechanical system [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The basic mechanism for preparing quadrature squeezing of mechanical oscillator is to introduce an effective mechanical parametric amplification [21] [22] [23] . This can be realized by utilizing the intrinsic nonlinearity of mechanical oscillator [24] [25] [26] , employing impulse kicks on a mechanical oscillator [27] and engineering the quantum reservoir [28] [29] [30] , etc. In Ref. [31, 32] , the mechanical squeezing was generated by modulating the driving field at a frequency matching to the frequency shift of the mirror under the condition of large frequency detuning, thus approximately reaching the parametric resonance. However, the squeezing is oscillated with time evolution, which make it difficult for applications.
In cavity optomechanical system, when linearization of cavity field is performed, the interaction between cavity field and mechanical mode is of XX (coordinate-coordinate) type, therefore the parametric resonance term of mechanical mode is produced after eliminating the cavity mode, therefore the squeezing effect is obtained. Similarly, the XX interaction between mechanical oscillator and its environment should also contribute to squeezing effect, while the non-Markovian environment might benefit to keep the effect of XX type interaction. Recently, the features of non-Markovian process have sparked a great interest in theoretical study [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] , and the non-Markovian spectral density has been detected in a micro-optomechanical system [48] , which make it necessary to research the squeezing effect of optomechanical system in the non-Markovian environment.
As shown in Fig. 1 , we consider a generic cavity optomechanical system, where the cavity field with frequency ω c couples to a mechanical oscillator with frequency ω m with the coupling strength g 0 due to the radiation pressure. The mechanical oscillator is surrounded by a non-Markovian reservoir. The Hamiltonian of the system can be written as H = H S + H E + H I , where
Here H s describes a normal optomechanical system driven by a classical laser with the frequency ω d and driven strength E. H E is the free energy of the mechanical reservoir with the frequency ω k of the kth bath mode. H I denotes the XX type interaction between the mechanical oscillator and the reservoir, with V k the coupling strength. The XX type non-Markovian interaction between the micro-mechanical resonator and its bath can be realized experimentally with a high-reflectivity mirror pad in the center of a Si 3 N 4 beam in vacuum [48] . In the frame rotating with H 0 = ω d a † a, the Langevin equations are given bẏ
where 
(t). (3)
The formal integral in Eq. (3) describes the backflow from the non-Markovian environment, where the memory kernel
with J (ω) the spectral density of the reservoir, describing the structure of the reservoir, as well as the coupling between the reservoir and the system. The commonly used spectral density J (ω) = ηω(ω/ω 0 ) s−1 e −ω/ω 0 [49] is employed in this paper, where η is the strength of the system-bath coupling and ω 0 is the cut-off frequency. The exponent s is a real number with 0 < s < 1, s = 1, and s > 1 classifying the bath as subOhmic, Ohmic, and super-Ohmic, respectively. The noise term (3) is determined by the initial states of the environment. Instead of ξ(t)ξ(t ′ ) ∝ δ(t − t ′ ) for the Markovian environment, the noise correlation function is
where we assume the initial correlation function of the reservoir
Eqs. (2a) and (3) can be linearized by a → α + δa and b → β + δb. Here α and β are C−numbers denoting the mean values of the optical and mechanical modes. δa and δb describe the quantum fluctuations of optical and mechanical modes. For simplicity, the symbol δ in δa and δb are neglected in the remind part of this paper. Then the motion equations satisfẏ
where
is the effective detuning and G = αg 0 describes the effective linear coupling strength.
In order to study the dynamics of mechanical oscillator, we first solve Eq. (5c) and then substitute the solution into Eq. (5d), we finally geṫ
is the memory kernel resulting from cavity and reservoir. It contains two parts. The one is the backflow from the non-Markovian reservoir, and the other results from the interaction between the cavity field and mechanical mode. We will show that the two interactions will both contribute to the squeezing of mechanical oscillator. A 0 and A in (t) reflect the impact of initial condition and thermal noise of cavity field, respectively. To solve Eq. (6), we assume
where M(t) and L(t) are complex numbers with the initial conditions M(0) = 1, L(0) = 0, and S(t) is a operator with S(0) = 0. By substituting Eq. (8) into Eq. (6), we obtaiṅ
If M(t) and L(t) are known, the operator S(t) can be completely determined through [50] 
Therefore, the quadrature fluctuation of mechanical mode ∆X(θ, t) = X(θ, t) 2 − X(θ, t) 2 can be solved numerically since b is determined by Eq. (8), (9) and (10), where X(θ, t) = X(t) cos θ + Y(t) sin θ is the quadrature operator with
In order to clearly understand the process of quadrature squeezing generation, we rewrite Eq. (6) aṡ
Here the first integration in the right hand side of Eq. (11) is the free term of mechanical oscillator induced by the cavity and reservoir, which can modulate the free frequency of mechanical oscillator. The second integration is the nonlinear degenerate parametric resonance term which may result in the squeezing of mechanical oscillator. In the Markovian regime the dynamic equation becomeṡ
From Eq. (12), we note that the parametric resonance term of mechanical mode is now induced merely by the interaction with the cavity field, which may result less squeezing than that in the non-Markovian case. To verify our analysis, we simulate the evolution of quadrature fluctuation at fixed ∆ ′ c = 5ω m in Fig. 2 (b) -(e). The values of κ, γ and g taken in Fig. 2 are within the scopes of current experiments summarized in [20] . In principle, ∆ ′ c and G determined by Eq. (5a) and (5b) are time-dependent. Actually, the controllable parameters ∆ c and E(t) can ensure that ∆ ′ c and G get desired values [51] . In the following simulation, we set ∆ ′ c and G time-independent. To ensure the fixed ∆ ′ c = 5ω m , we simulate the evolution of ∆ c in Fig. 2 (a) . It is shown that ∆ c varies with time continuously, which obviously can be realized by the frequency modulation method, thus the time-independent value of ∆ ′ c is achievable. In Fig. 2 (b) the extremely small dissipation γ = 10 −9 are considered in the usual Markovian regime. We see that the squeezing is weak, and will disappear in the longer time in Markovian regime. Because of the effective beam-splitter interaction between the mechanical mode and its bath in the usual Markovian regime, the bath of mechanical oscillator can't induce the squeezing of mechanical mode. The squeezing in Fig. 2 (b) completely results from the XX type interaction between the mechanical mode and cavity field as Eq. (12) shown. In Fig. 2 (c)-(e) , we simulate the quadrature fluctuation in the non-Markovian regime with G = 0 and G = 0.3, respectively. Comparing the dashed red line of 2 (c)-(e) with Fig. 2 (b) , we see that the stronger squeezing can be achieved in the non-Markovian regime. We can understand this easily because the XX type non-Markovian interaction between mechanical mode and its bath can also induce the squeezing of mechanical mode, as the first part of F(t − τ) in Eq. (7a) shown. Significantly, the squeezing can achieve asymptotic stable for the sub-Ohmic bath within the time interval shown in Fig. 2 (b) , which is meaningful to experiments.
The dashed-dotted blue line in Fig. 2 (c) -(e) is corresponding to G = 0, which means that the mechanical oscillator is in the free space, in which the squeezing is completely induced by the bath. Comparing the dashed-dotted blue line (G = 0) with the dashed red line (G = 0.3) in Fig. 2 (c) -(e) respectively, we see that the squeezing with G = 0.3 is stronger than that with G = 0. This phenomenon can be explained by Eq. (11), since the coefficient F(t − τ) in the second integration consists of both the cavity and bath induced part. Therefore the joint effect of the two kinds of interactions is better than that with only one. Fig. 3(a) and (b) , respectively. We see that the larger η, the stronger squeezing. Since η describes the coupling strength between the mechanical oscillator and its bath, as the second integration shown in Eq. (11), the larger η, the stronger backaction of the bath in mechanical oscillator, thus inducing stronger squeezing. Therefore, to obtain strong squeezing, the coupling strength between the mechanical mode and environment should be large in practical applications.
We finally discuss the experimental detection of the generated quadrature squeezing of the mechanical mode, which could be realized by introducing an ancillary cavity mode. As depicted in Fig. 1 , the ancillary cavity mode a s with resonant frequency ω s is driven by a pump field with amplitude E p and frequency ω p . If the driven E p is very weak so that the effective coupling G s ≪ G, the backaction of the ancillary cavity mode on the mechanical mode can be neglected and the dynamic of the system is still well described by Eqs. (5) [25] . In the interaction picture, by choosing the effective detuning ∆ ′ s = ω m and neglecting the rapid oscillating term, we havė
where κ s is the dissipation of a s . If κ s ≫ G s , the ancillary cavity mode adiabatically follows the dynamics of mechanical mode, thus leading
where the input-output relation a s,out = √ κ s a s − a s,in has been used. We see that the output field of a s,out gives a direct measurement of mechanical mode b, therefore the squeezing of mechanical mode can be detected by directly homodyne output field a s,out with a local oscillator (LO). The balanced homodyne detection method can be found in [13] , we will not repeat here.
In this paper, a scheme of quadrature squeezing of the mechanical oscillator for cavity optomechanical system has been investigated. By introducing the XX type interaction between the oscillator and its bath, we find that the bath can induce the squeezing as the optomechanical interaction can do. For the cavity optomechanical system, the asymptotic squeezing after long time evolution can be enhanced by considering the nonMarkovian effect. Moreover, our scheme can generate asymptotic squeezing without assistant parametric resonance. The parametric resonance term of mechanical mode in our scheme is completely induced by the optomechanical radiation pressure coupling and oscillator-reservoir coupling. Although the squeezing in Refs [31, 32] is obtained without assistant parametric amplification, the squeezing oscillates with time evolution, which is difficult to the application. Our scheme obtaining asymptotic squeezing is of practical significance. Our scheme of the non-Markovian bath can be realized in experiment [48] , therefore, the scheme is feasible.
